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Abstract
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B.K. Papadopoulos [Fuzzy Sets Syst. 116 (2000) 385–399; Sci. Math. Jpn. 53 (2001) 233–246]) and
(β) the characterization of the nearly bounded sets and fuzzy sets through the assistance of weakly
θ-upper limit and fuzzy weakly θ-upper limit. These results generalize basic results of S.D. Iliadis
and B.K. Papadopoulos [Publ. Math. Debrecen 47 (1–2) (1995) 139–150] and D.N. Georgiou and
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1. Introduction
1.1. Topological spaces and weakly θ -upper limit (see [6])
Let Y be a topological space. A point y ∈ Y is in the δ-closure of a subset A of the
space Y , y ∈ Clδ(A), if each open subset V containing y satisfies A∩ Int(Cl(V )) = ∅. A is
δ-closed if Clδ(A)=A.
Let X be a set. A net in X is a map S :Λ→X of a directed set Λ into X. The net S is
also denoted by {sλ, λ ∈Λ}, where sλ = S(λ).
Let P(Y ) be the set of all subsets of a topological space Y . If Λ is a directed set, then by
w-θ - limΛ(Aλ), where Aλ ⊆ Y , we denote the weakly θ -upper limit of the net {Aλ, λ ∈Λ}
in P(Y ), that is, the set of all points y of Y such that for every λ0 ∈ Λ and for every
open neighbourhood U of y in Y there exists an element λ ∈ Λ for which λ  λ0 and
Aλ ∩ Int(Cl(U)) = ∅.
1.2. Fuzzy sets and fuzzy weakly θ -upper limit
Throughout this paper, the symbol I will denote the unit interval [0,1]. Let X be a
nonempty set.
A fuzzy set in X is a function with domain X and values in I , that is, an element of IX .
Let A ∈ IX . The subset of X in which A assumes nonzero values, is known as the support
of A (see [15]).
A member A of IX is contained in a member B of IX denoted A  B if and only if
A(x) B(x), for every x ∈X (see [15]).
Let A,B ∈ IX . We define the following fuzzy sets (see [15]):
(1) A∧B ∈ IX by (A∧B)(x)=min{A(x),B(x)} for every x ∈X (intersection).
(2) A∨B ∈ IX by (A∨B)(x)=max{A(x),B(x)} for every x ∈X (union).
(3) Ac ∈ IX by Ac(x)= 1−A(x) for every x ∈X.
Let A,B ∈ IX , then (A∧B)c =Ac ∨Bc and (A∨B)c =Ac ∧Bc.
If ε  0, then we shall denote the constant map with value ε by ε¯.
The first definition of a fuzzy topological space is due to Chang (see [2] and also [13,
14]).
According to Chang, a fuzzy topological space is a pair (X, τ), where X is a set and τ
is a fuzzy topology on it, that is, a family of fuzzy sets (τ ⊆ IX) satisfying the following
three axioms:
(1) 0,1 ∈ τ . By 0 and 1 we denote the characteristic functionsX∅ and XX , respectively.
(2) If A,B ∈ τ , then A∧B ∈ τ .
(3) If {Aj : j ∈ J } ⊆ τ , then∨{Aj : j ∈ J } ∈ τ .
The elements of τ are called fuzzy open sets. A fuzzy set K is called fuzzy closed set if
Kc ∈ τ . We denote by τ c the collection of all fuzzy closed sets in this fuzzy topological
space. Obviously, we have: (α) 0,1 ∈ τ c, (β) if K,M ∈ τ c, then K ∨M ∈ τ c and (γ ) if
{Kj : j ∈ J } ⊆ τ c , then∧{Kj : j ∈ J } ∈ τ c.
D.N. Georgiou, B.K. Papadopoulos / Topology and its Applications 123 (2002) 73–85 75
The closure Cl(A) and the interior Int(A) of a fuzzy set A of X are defined as
Cl(A)= inf{K: AK, Kc ∈ τ},
Int(A)= sup{O: O A, O ∈ τ },
respectively.
A fuzzy set in X is called a fuzzy point if and only if it takes the value 0 for all y ∈ X
except one, say, x ∈X. If its value at x is r (0 < r  1) we denote the fuzzy point by prx ,
where the point x is called its support. The class of all fuzzy points in X is denoted by F
(see [11]).
The fuzzy point prx is said to be contained in a fuzzy set A or to belong to A, denoted
by prx ∈ A, if and only if r  A(x). Evidently, every fuzzy set A can be expressed as the
union of all the fuzzy points which belongs to A (see [11]).
A fuzzy set A in a fuzzy topological space (X, τ) is called a neighbourhood of a fuzzy
point prx if and only if there exists a V ∈ τ such that prx ∈ V and V  A (see [11]).
A neighbourhood A is said to be open if and only if A is open.
A fuzzy point prx is said to be quasi-coincident with A denoted by prx q A if and only if
r > Ac(x) or r +A(x) > 1 (see [11]).
A fuzzy set A is said to be quasi-coincident with B , denoted Aq B , if and only if there
exists x ∈ X such that A(x) > Bc(x) or A(x) + B(x) > 1 (see [11]). If A is not quasi-
coincident with B , then we write A /q B .
A fuzzy set A in a fuzzy topological space (X, τ) is called a Q-neighbourhood of
prx if and only if there exists B ∈ τ such that prx q B and B  A. The family of all Q-
neighbourhoods of prx is called the system of Q-neighbourhoods of prx (see [11]).
A Q-neighbourhood of a fuzzy point generally does not contain the point itself. In what
follows by N (prx} we denote the family of all fuzzy open Q-neighbourhoods of the fuzzy
point prx in X. The set N (prx) with the relation ∗ (that is, U1 ∗ U2 if and only if
U2 U1) form a directed set.
A fuzzy point prx ∈ Cl(A) if and only if each Q-neighbourhood of prx is quasi-coincident
with A (see [11, Theorem 4.1′]).
A fuzzy point prx ∈ Int(A) if and only if has a neighbourhood B contained in A
(see [11]).
Let Y be a fuzzy topological space. A fuzzy point prx is said to be a fuzzy δ-cluster point
of a fuzzy set A if and only if for every fuzzy open Q-neighbourhood U of prx in Y we
have Int(Cl(U)) q A. The set of all fuzzy δ-cluster points is called the fuzzy δ-closure of A
and is denoted by Clδ(A). A fuzzy set A is fuzzy δ-closed if Clδ(A)=A.
Let {An, n ∈ N} be a net of fuzzy sets in a fuzzy topological space Y . Then by
w-θ -F - limN(An), we denote the fuzzy weakly θ -upper limit of the net {An, n ∈ N} in
IY , that is, the fuzzy set which is the union of all fuzzy points prx in Y such that for every
n0 ∈ N and for every fuzzy open Q-neighbourhood U of prx in Y there exists an element
n ∈N for which n n0 and An q Int(Cl(U)). In other cases we set w-θ -F - limN(An)= 0
(see [5]).
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Let X be a nonempty set. Then by |X| we denote the cardinality of X. Also, throughout
this paper the words “fuzzy space” (respectively, “space”) means “fuzzy topological space”
(respectively, “topological space”).
2. Nearly compact spaces
Definition 2.1 (see [12]). A topological space X is nearly compact if and only if each
open cover of X has a finite subcollection such that the interiors of the closures of sets in
this subcollection covers X.
Definition 2.2. A topological space X is nearly countably compact if and only if each
open countable cover of X has a finite subcollection such that the interiors of the closures
of sets in this subcollection covers X.
Theorem 2.3. A space X is nearly compact if and only if for every net {Kλ, λ ∈ Λ} of
closed subsets in X such that w-θ - limΛ(Kλ)= ∅, there exists λ0 ∈Λ for which Kλ = ∅,
for every λ ∈Λ, λ λ0.
Proof. Let X be a nearly compact space and let {Kλ, λ ∈ Λ} be a net of closed subsets
in X such that w-θ - limΛ(Kλ) = ∅. Then for every point x in X there exists an open
neighbourhoodUx in X and an element λx ∈Λ such that Kλ ∩ Int(Cl(Ux))= ∅, for every
λ ∈Λ, λ λx .
Clearly, the family {Ux : x ∈X} is a cover by open sets of X. Since the space X is nearly
compact, there exist points x1, x2, . . . , xn ∈X such that
X =
⋃{
Int
(
Cl(Uxi )
)
: i = 1,2, . . . , n}.
Let λ0 ∈Λ such that λ0  λxi for every i = 1,2, . . . , n. Then for every λ ∈Λ, λ λ0,
we have Kλ ∩ (⋃{Int(Cl(Uxi )): i = 1,2, . . . , n}) = ∅ or Kλ ∩ X = ∅. Thus Kλ = ∅, for
every λ ∈Λ, λ λ0.
Conversely, suppose that the space X satisfies the condition of the theorem. We prove
that the space X is nearly compact.
Let A be an open cover of the space X. Let Λ be the set of all finite subsets of
A directed by inclusion and let {Kλ, λ ∈ Λ} be a net of closed sets in X such that
Kcλ =
⋃{Int(Cl(A)): A ∈ λ}. Obviously Kλ1 ⊆Kλ2 if λ2 ⊆ λ1.
Clearly, w-θ - limΛ(Kλ)⊆⋂{Kλ: λ ∈Λ}.
Also, we have:
⋂
{Kλ: λ ∈Λ} =
(⋃{
Kcλ: λ ∈Λ
})c =
(⋃
{A: A ∈A}
)c =Xc = ∅.
Thus w-θ - limΛ(Kλ) = ∅. By assumption there exists an element λ0 ∈ Λ for which
Kλ = ∅, for every λ ∈Λ, λ λ0.
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By the above we have
X =Kcλ0 =
⋃{
Int
(
Cl(U)
)
: U ∈ λ0
}
and therefore the space X is nearly compact. ✷
Notations 2.4. In what follows, we denote by Ω a class of directed sets. Let {Aλ, λ ∈Λ}
be a net of sets in X. If Λ ∈Ω , then this net is called Ω-net.
Definition 2.5. A space X is called nearly Ω-compact if for every Ω-net {Kλ, λ ∈Λ} of
closed subsets in X such that w-θ - limΛ(Kλ)= ∅, there exists λ0 ∈Λ for which Kλ = ∅,
for every λ ∈Λ, λ λ0.
Remark 2.6. By Theorem 2.3 it follows that if Ω is the class of all directed sets, then the
notion of nearly Ω-compactness coincides with the notion of nearly compactness.
Definition 2.7. Let α be an infinite cardinal and β be a cardinal or symbol ∞ such that
α < β . (We suppose that γ = ∅ and γ <∞ for every cardinal γ .)
A space X is called nearly (α,β)-compact if for every open cover U of open sets of X
which |U |< β there exists a subfamily of U of cardinality less than α such that the interiors
of the closures of sets in this subcollection covers X.
Remark 2.8. It is easy to see that the notion of nearly (ω,∞)-compactness, where ω is
the first infinite cardinal coincide with the notion of nearly compactness.
Theorem 2.9. Suppose that α is regular and for every γ < β cardinality of the set of all
subsets of the set γ of cardinality less than α, is less than or equal to β . Then there exists
a class Ω of directed sets such that a space X is nearly Ω-compact if and only if is nearly
(α,β)-compact.
Proof. Let Ω be the class of all directed sets Λ with |Λ| < β having the property: for
every subset Λ′ ⊆ Λ with |Λ′| < α there exist an element λ0 ∈ Λ such that λ  λ0 for
every λ ∈Λ′. We prove that the nearly (α,β)-compact space X is nearly Ω-compact.
Let {Kλ, λ ∈Λ} be an Ω-net of closed subsets in X such that w-θ - limΛ(Kλ)= ∅. We
must prove that there exists an element λ0 ∈Λ such that if λ λ0, λ ∈Λ, then Kλ = ∅.
For every λ ∈Λ we set
K ′λ = Clδ
(⋃
{Kλ′ : λ′  λ}
)
.
Obviously K ′λ1 ⊆ K ′λ2 if λ2  λ1. It is also to easy to verify that
⋂{K ′λ: λ ∈ Λ} ⊆
w-θ - limΛ(K ′λ).
We prove that w-θ - limΛ(K ′λ)⊆w-θ - limΛ(Kλ).
Let x ∈ w-θ - limΛ(K ′λ) and x /∈ w-θ - limΛ(Kλ). Then, there exists an element λ0 ∈Λ
and an open neighbourhoodUx of x in X such that Kλ∩ Int(Cl(Ux))= ∅, for every λ ∈Λ,
λ λ0. HenceK ′λ0 ∩Int(Cl(Ux))= ∅ and thereforeK ′λ∩Int(Cl(Ux))= ∅, for every λ ∈Λ,
λ λ0. Since x ∈w-θ - limΛ(K ′λ) this is a contradiction.
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Hence
⋂{K ′λ: λ ∈ Λ} ⊆ w-θ - limΛ(K ′λ) ⊆ w-θ - limΛ(Kλ) and therefore
⋂{K ′λ: λ ∈
Λ} = ∅ or ⋃{(K ′λ)c: λ ∈Λ} = X. Since the space is nearly (α,β)-compact and |Λ|< β
there exists a subset Λ′ ⊆Λ with |Λ′|< α such that
⋃{(
K ′λ
)c
: λ ∈Λ′}=X.
Since Λ ∈ Ω there exists an element λ0 ∈ Λ such that λ  λ0, for every λ ∈ Λ′. This
means that K ′λ0 ⊆
⋂{K ′λ: λ ∈ Λ′} or
⋃{(K ′λ)c: λ ∈ Λ′} ⊆ (K ′λ0)c. Hence (K ′λ0)c = X.
Thus K ′λ0 = ∅ and therefore if λ ∈Λ, λ λ0, then K ′λ = ∅.
Since Kλ′ ⊆K ′λ, for every λ′  λ, we have Kλ = ∅, for every λ ∈Λ, λ λ0.
Conversely, let X be a nearly Ω-compact space. We prove that the space X is nearly
(α,β)-compact.
It is sufficient to prove that if {Uµ: µ ∈M} is a collection by open sets of X, where
|M|< β and ⋃{Uµ: µ ∈M} = X, then there exists a subset N ⊆M with |N | < α such
that
⋃{Int(Cl(Uµ)): µ ∈N} =X.
Let Λ be the set of all subsets of M of cardinality less than α directed by inclusion and
let {Kλ, λ ∈ Λ} be a net of sets in X such that Kcλ =
⋃{Int(Cl(A)): A ∈ λ}, for every
λ ∈Λ. Obviously Kλ1 ⊆Kλ2 if λ2 ⊆ λ1 and w-θ - limΛ(Kλ)⊆
⋂{Kλ: λ ∈Λ}.
Also, we have:
⋂
{Kλ: λ ∈Λ} =
(⋃{
Kcλ: λ ∈Λ
})c =
(⋃{
Uµ: µ ∈M
})c =Xc = ∅.
Thus w-θ - limΛ(Kλ)= ∅.
Since the space X is nearly Ω-compact and Λ ∈Ω there exists an element λ0 ∈Λ for
which Kλ = ∅ for every λ ∈Λ, λ λ0.
Setting N = λ0 we have |N |< α and
Kcλ0 =
⋃{
Int
(
Cl(U)
)
: U ∈N}.
Thus the space X is nearly (α,β)-compact. ✷
3. Fuzzy nearly compact spaces
Definition 3.1 (see [7,1]). A fuzzy topological space X is fuzzy nearly compact if and
only if each open cover {Uj : j ∈ J } of X has a finite subcollection {Ujk : k = 1,2, . . . , n}
such that the interiors of the closures of sets in this subcollection covers X, that is
1=∨{Int(Cl(Ujk )): k = 1,2, . . . , n}.
Definition 3.2. A fuzzy topological space X is fuzzy nearly countably compact if and only
if each fuzzy open countable cover of X has a finite subcollection such that the interiors of
the closures of sets in this subcollection covers X.
Theorem 3.3. A fuzzy topological space X is fuzzy nearly compact if and only if for every
net {Kλ, λ ∈ Λ} of fuzzy closed sets in X such that w-θ -F - limΛ(Kλ) = 0, there exists
λ0 ∈Λ for which Kλ = 0, for every λ ∈Λ, λ λ0.
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Proof. Let X be a fuzzy nearly compact space and let {Kλ, λ ∈ Λ} be a net of fuzzy
closed sets in X such that w-θ -F - limΛ(Kλ) = 0. Then for every fuzzy point prx in X
there exists a fuzzy open Q-neighbourhood Uprx in X and an element λprx ∈ Λ such that
Kλ /q Int(Cl(Uprx )), for every λ ∈Λ, λ λprx .
Clearly, the family {Uprx : prx ∈ F} is an open cover by fuzzy open sets of X. Since the
space X is fuzzy nearly compact, there exist fuzzy points p1,p2, . . . , pn ∈X such that
1=
∨{
Int
(
Cl(Upi )
)
: i = 1,2, . . . , n}.
Let λ0 ∈Λ such that λ0  λpi for every i = 1,2, . . . , n. Then for every λ ∈Λ, λ λ0, we
have Kλ /q
∨{Int(Cl(Upi )): i = 1,2, . . . , n}.
Thus Kλ = 0, for every λ ∈Λ, λ λ0.
Conversely, suppose that the fuzzy space X satisfies the condition of the theorem. We
prove that the space X is fuzzy nearly compact.
Let A be a fuzzy open cover of the fuzzy space X. Let Λ be the set of all finite subsets
ofA directed by inclusion and let {Kλ, λ ∈Λ} be a net of fuzzy closed sets in X such that
Kcλ =
∨{Int(Cl(A)): A ∈ λ}. Obviously Kλ1 Kλ2 if λ2 ⊆ λ1.
Clearly, w-θ -F - limΛ(Kλ)
∧{Kλ: λ ∈Λ}.
Also, we have:
∧
{Kλ: λ ∈Λ} =
(∨{
Kcλ: λ ∈Λ
})c =
(∨
{A: A ∈A}
)c = 1 c = 0.
Thus w-θ -F - limΛ(Kλ) = 0. By assumption there exists an element λ0 ∈ Λ for which
Kλ = 0 for every λ ∈Λ, λ λ0.
By the above we have
1=Kcλ0 =
∨{
Int
(
Cl(U)
)
: U ∈ λ0
}
and therefore the fuzzy space X is fuzzy nearly compact. ✷
Definition 3.4. A space X is called fuzzy nearly Ω-compact if for every Ω-net {Kλ, λ ∈
Λ} of fuzzy closed sets in X such thatw-θ -F - limΛ(Kλ)= 0, there exists λ0 ∈Λ for which
Kλ = 0, for every λ ∈Λ, λ λ0.
Remark 3.5. By Theorem 3.3 it follows that if Ω is the class of all directed sets, then
the notion of fuzzy nearly Ω-compactness coincides with the notion of fuzzy nearly
compactness.
Definition 3.6. Let α be an infinite cardinal and β be a cardinal or symbol ∞ such that
α < β . (We suppose that γ =∞ and γ <∞ for every cardinal γ .)
A space X is called fuzzy nearly (α,β)-compact if for every fuzzy open cover U of
open sets of X which |U | < β there exists a subfamily U1 of U of cardinality less than
α such that the interiors of the closures of sets in this subcollection covers X, that is
1=∨{Int(Cl(V )): V ∈ U1}.
Remark 3.7. It is easy to see that the notion of fuzzy nearly (ω,∞)-compactness, where
ω is the first infinite cardinal coincide with the notion of fuzzy nearly compactness.
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Theorem 3.8. Suppose that α is regular and for every γ < β cardinality of the set of all
subsets of the set γ of cardinality less than α, is less than or equal to β . Then there exists
a class Ω of directed sets such that a fuzzy space X is fuzzy nearly Ω-compact if and only
if is fuzzy nearly (α,β)-compact.
Proof. Let Ω be the class of all directed sets Λ with |Λ| < β having the property: for
every subset Λ′ ⊆ Λ with |Λ′| < α there exists an element λ0 ∈ Λ such that λ  λ0 for
every λ ∈Λ′. We prove that the fuzzy nearly (α,β)-compact fuzzy space X is fuzzy nearly
Ω-compact.
Let {Kλ, λ ∈Λ} be an Ω-net of closed fuzzy sets in X such that w-θF - limΛ(Kλ)= 0.
We must prove that there exists an element λ0 ∈Λ such that if λ λ0, λ ∈Λ, then Kλ = 0.
For every λ ∈Λ we set
K ′λ = Clδ
(∨
{Kλ′ : λ′  λ}
)
.
Obviously K ′λ1  K
′
λ2
if λ2  λ1. It is also easy to verify that
∧{K ′λ: λ ∈ Λ} 
w-θ -F - limΛ(K ′λ).
We prove that w-θ -F - limΛ(K ′λ)w-θ -F - limΛ(Kλ).
Let prx ∈ w-θ -F - limΛ(K ′λ) and prx /∈ w-θ -F - limΛ(Kλ). Then, there exists an element
λ0 ∈Λ and a fuzzy open Q-neighbourhood Uprx of prx in X such that Kλ /q Int(Cl(Uprx )),
for every λ ∈Λ, λ λ0. Hence K ′λ0 /q Int(Cl(Uprx )) and therefore K ′λ /q Int(Cl(Uprx )), for
every λ ∈Λ, λ λ0. Since prx ∈w-θ -F - limΛ(K ′λ) this is a contradiction.
Hence
∧{K ′λ: λ ∈ Λ}  w-θ -F - limΛ(K ′λ)  w-θ -F - limΛ(Kλ) and therefore
∧{K ′λ:
λ ∈Λ} = 0 or∨{(K ′λ)c: λ ∈Λ} = 1. Since the fuzzy space X is fuzzy nearly (α,β)-com-
pact and |Λ|< β there exists a subset Λ′ ⊆Λ with |Λ′|< α such that
∨{(
K ′λ
)c
: λ ∈Λ′}= 1.
Since Λ ∈Ω there exists an element λ0 ∈Λ such that λ  λ0, for every λ Λ′. This
means that K ′λ0 
∧{K ′λ: λ ∈ Λ′} or
∨{(K ′λ)c: λ ∈ Λ′}  (K ′λ0)c . Hence (K ′λ0)c = 1.
Thus K ′λ0 = 0 and therefore if λ ∈Λ, λ λ0, then K ′λ = 0.
Since Kλ′ K ′λ, for every λ′  λ, we have Kλ = 0, for every λ ∈Λ, λ λ0.
Conversely, let X be a fuzzy nearly Ω-compact space. We prove that the fuzzy space X
is fuzzy nearly (α,β)-compact.
It is sufficient to prove that if {Uµ: µ ∈ M} is a collection by fuzzy open sets of X,
where |M|< β and ⋃{Uµ: µ ∈M} =X, then there exists a subset N ⊆M with |N |< α
such that
∨{Int(Cl(Uµ)): µ ∈N} = 1.
Let Λ be the set of all subsets of M of cardinality less than α directed by inclusion
and let {Kλ, λ ∈ Λ} be a net of fuzzy sets in X such that Kcλ =
∨{Int(Cl(A)): A ∈ λ}.
Obviously Kλ1 Kλ2 if λ2 ⊆ λ1 and w-θ -F - limΛ(Kλ)
∧{Kλ: λ ∈Λ}.
Also, we have:
∧
{Kλ: λ ∈Λ} =
(∨{
Kcλ: λ ∈Λ
})c =
(∨
{Uµ: µ ∈M}
)c = 1 c = 0.
Thus w-θ -F - limΛ(Kλ)= 0.
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Since the space X is fuzzy nearly Ω-compact and Λ ∈Ω there exists an element λ0 ∈Λ
for which Kλ = 0 for every λ ∈Λ, λ λ0.
Setting N = λ0 we have |N |< α and
Kcλ0 =
∨{
Int
(
Cl(U)
)
: U ∈N}.
Thus the fuzzy space X is fuzzy nearly (α,β)-compact. ✷
4. Nearly bounded sets
Definition 4.1. Let X be a topological space. A subset B of X is called nearly bounded if
and only if each open cover {Ui : i ∈ I } of X has a finite subcollection {Uik : k = 1, . . . ,m}
such that B ⊆⋃{Int(Cl(Uik )): k = 1, . . . ,m}.
Clearly, every bounded set is nearly bounded.
Definition 4.2. A subset B of a space X is nearly countably bounded if and only if each
open countable cover U has a finite subcollection U1 such that B ⊆⋃{Int(Cl(V )) :V ∈
U1}.
Theorem 4.3. A subset B of a topological space X is nearly bounded if and only if for
every net {Kλ,λ ∈ Λ} of closed subsets in X such that w-θ - limΛ(Kλ) = ∅, there exists
λ0 ∈Λ for which Kλ ∩B = ∅, for every λ ∈Λ, λ λ0.
The proof of this theorem is similar to the proof of Theorem 2.3.
Definition 4.4. A subset B of a space X is called nearly Ω-bounded if for every Ω-net
{Kλ, λ ∈Λ} of closed subsets in X such that w-θ - limΛ(Kλ)= ∅, there exists λ0 ∈Λ for
which Kλ ∩B = ∅, for every λ ∈Λ, λ λ0.
Remark 4.5. By Theorem 4.3 it follows that if Ω is the class of all directed sets, then the
notion of nearly Ω-boundedness coincide with the notion of nearly boundedness.
Definition 4.6. Let α be an infinite cardinal and β be a cardinal or symbol ∞ such that
α < β . (We suppose that γ =∞ and γ <∞ for every cardinal γ .)
A subset B of a space X is called nearly (α,β)-bounded if for every open cover U of
open sets of X which |U |< β there exists a subfamily U1 of U of cardinality less than α
such that B ⊆⋃{Int(Cl(V )): V ∈ U1}.
Remark 4.7. It is easy to see that the notion of nearly (ω,∞)-boundedness, where ω is
the first infinite cardinal coincide with the notion of nearly boundedness.
Theorem 4.8. Suppose that α is regular and for every γ < β cardinality of the set of all
subsets of the set γ of cardinality less than α, is less than or equal to β . Then there exists
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a class Ω of directed sets such that a subset B of a space X is nearly Ω-bounded if and
only if the subset B is nearly (α,β)-bounded.
The proof of this theorem is similar to the proof of Theorem 2.9.
Theorem 4.9. Let (X, τ) be a topological space. Then the following propositions are true:
(1) If a subset B of X is nearly Ω-compact, then B is nearly Ω-bounded.
(2) If B is nearly Ω-bounded and B ′  B , then B ′ is nearly Ω-bounded.
(3) If B is nearly Ω-compact and B ′ B , then B ′ is nearly Ω-bounded.
(4) If B1, . . . ,Bn is nearly Ω-bounded in X, then the subset
⋃{Bi : i = 1,2, . . . , n} of
X is also nearly Ω-bounded.
The proof of this theorem is clear.
5. Fuzzy nearly bounded sets
Definition 5.1. Let X be a fuzzy topological space. A subset B of X is called fuzzy nearly
bounded if and only if each fuzzy open cover {Ui : i ∈ I } of X has a finite subcollection
{Uik : k = 1, . . . ,m} such that B 
∨{Int(Cl(Uik )): k = 1, . . . ,m}.
Definition 5.2. A fuzzy set B of a fuzzy space X is fuzzy nearly countably bounded if
and only if each fuzzy open countable cover U has a finite subcollection U1 such that
B 
∨{Int(Cl(V )): V ∈ U1}.
Theorem 5.3. A fuzzy set B of a fuzzy topological space X is fuzzy nearly bounded if and
only if for every net {Kλ, λ ∈Λ} of fuzzy closed sets in X such that w-θ -F - limΛ(Kλ)= 0,
there exists λ0 ∈Λ for which Kλ /q B , for every λ ∈Λ, λ λ0.
The proof of this theorem is similar to the proof of Theorem 3.3.
Definition 5.4. A fuzzy set B of a fuzzy space X is called fuzzy nearly Ω-bounded if for
every Ω-net {Kλ, λ ∈Λ) of fuzzy closed sets in X such that w-θ -F - limΛ(Kλ)= 0, there
exists λ0 ∈Λ for which Kλ /q B , for every λ ∈Λ, λ λ0.
Remark 5.5. By Theorem 5.3 it follows that if Ω is the class of all directed sets, then
the notion of fuzzy nearly Ω-boundedness coincide with the notion of fuzzy nearly
boundedness.
Definition 5.6. Let α be an infinite cardinal and β be a cardinal or symbol ∞ such that
α < β . (We suppose that γ =∞ and γ <∞ for every cardinal γ .)
A subset B of a space X is called fuzzy nearly (α,β)-bounded if for every open cover U
of fuzzy open sets of X which |U |< β there exists a subfamily U1 of U of cardinality less
than α such that B 
∨{Int(Cl(V )): V ∈ U1}.
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Remark 5.7. It is easy to see that the notion of fuzzy nearly (ω,∞)-boundedness, where
ω is the first infinite cardinal coincides with the notion of fuzzy nearly boundedness.
Theorem 5.8. Suppose that α is regular and for every γ < β cardinality of the set of
all subsets of the set γ of cardinality less than α, is less than or equal to β . Then there
exists a class Ω of directed sets such that a fuzzy set B of a fuzzy space X is fuzzy nearly
Ω-bounded if and only if the fuzzy set B is fuzzy nearly (α,β)-bounded.
The proof of this theorem is similar to the proof of Theorem 3.8.
Theorem 5.9. Let (X, τ) be a fuzzy topological space. Then the following propositions are
true:
(1) If a fuzzy set B is fuzzy nearly Ω-compact, then B is fuzzy nearly Ω-bounded.
(2) If B is fuzzy nearly Ω-bounded and B ′  B , then B ′ is fuzzy nearly Ω-bounded.
(3) If B is fuzzy nearly Ω-compact and B ′  B , then B ′ is fuzzy nearly Ω-bounded.
(4) If B1, . . . ,Bn is fuzzy nearly Ω-bounded in X, then the fuzzy set
∨{Bi : i =
1,2, . . . , n} is also fuzzy nearly Ω-bounded.
The proof of this theorem is similar to the proof of Theorem 4.9.
6. Ultra-fuzzy nearly compact spaces
Notations 6.1 (see [9,10]). By Ir we denote the unit interval I equipped with the topology
τr = {(a,1]: a ∈ I } ∪ {I }. If τ is a fuzzy topology on X, then i(τ ) is the initial topology
on X for the family of functions τ and the topological space Ir .
Definition 6.2. A fuzzy topological space (X, τ) is called ultra-fuzzy nearly compact if
and only if (X, i(τ )) is nearly compact.
Theorem 6.3. A fuzzy topological space (X, τ) is ultra-fuzzy nearly compact if and
only if for every net {Kλ,λ ∈ Λ} of closed sets of the topological space (X, i(τ )) such
that w-θ - limΛ(Kλ) = ∅ there exists an element λ0 ∈ Λ such that Kλ = ∅, for every
λ ∈Λ, λ λ0.
The proof of this theorem follows by Definition 6.2 and Theorem 2.3.
Definition 6.4. A fuzzy topological space (X, τ) is called ultra-fuzzy nearly Ω-compact
if and only if (X, i(τ )) is nearly Ω-compact.
Definition 6.5. Let α be an infinite cardinal and β be a cardinal or symbol ∞ such that
α < β . (We suppose that γ =∞ and γ <∞ for every cardinal γ .)
A fuzzy topological space (X, τ) is called ultra-fuzzy nearly (α,β)-compact if and only
if (X, i(τ )) is nearly (α,β)-compact.
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Theorem 6.6. Suppose that α is regular and for every γ < β cardinality of the set of all
subsets of the set γ of cardinality less than α, is less than or equal to β . Then there exists
a class Ω of directed sets such that a fuzzy space X is ultra-fuzzy nearly Ω-compact if and
only if is ultra fuzzy nearly (α,β)-compact.
The proof of this theorem follows by Definitions 6.4, 6.5 and Theorem 2.9.
7. Some problems
Let α be an infinite cardinal and β be a cardinal or symbol ∞ such that α < β . (We
suppose that γ =∞ and γ <∞ for every cardinal γ .)
Problem 1. Does there exists a class Ω of directed sets such that the Theorems 2.8, 3.7,
4.7 and 5.7 remain true?
Problem 2. Does there exists a class Ω of directed sets such that Theorems 3.10, 3.11 of
[3] and 3.4 of [8] remain true?
Problem 3 (Referee’s comments). Given two classes of directed sets Ω and Ω ′ are there
some criteria allowing to conclude whether the classes of nearly Ω-compact and Ω ′-
compact topological (or fuzzy topological) spaces coincide.
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